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Abstract 
Charatonik, J.J., Terminal continua and quasi-monotone mappings, Topology and its Applications 
47 (1992) 69-77. 
It is shown that if a continuous surjection between continua is quasi-monotone, then the image 
of a terminal (of an end) subcontinuum of the domain either is a terminal (an end) subcontinuum 
of the range or equals the whole range. Some related results are also obtained. 
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A continuum means a compact connected metric space. A continuum X is said 
to be irreducible or irreducible between a pair of points provided there are two points 
a and b in X such that no proper subcontinuum of X contains both a and b. The 
term irreducible from a to b has the same meaning. If a continuum X is irreducible 
from a point c to some other point of X, then c is called a point of irreducibility of 
X. 
A proper subcontinuum K of a continuum X is said to be a terminal continuum 
of X provided that if whenever A and B are proper subcontinua of X having union 
equaltoXsuchthatAnK#(d#BnK,theneitherX=AuKorX=BuK.For 
various structural properties of terminal continua see [l], The aim of this paper is 
to investigate some mapping properties of these continua. 
Remark 1. The above defined concept of a terminal continuum should not be 
confused with other ones, under the same name. In particular, “terminal continuum” 
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as defined by Fugate in [2, p. 4611 (and repeated in Nadler’s book [8, (1.54), p. 1071) 
is much more restrictive than in the sense above, namely it means that the considered 
continuum K is a terminal continuum of each subcontinuum of X which properly 
contains K, and it corresponds to “absolute terminal continuum” defined by Bennett 
and Fugate in [l, Definition 4.1, p. 341. The same name of a terminal continuum is 
used by Gordh in [4] in a quite different sense; for a more detailed discussion see 
[l, p. 351. Another concept, still under the same name, is considered e.g. in 
Mackowiak and Tymchatyn’s expository paper [7, p. 171 (and in many other papers): 
a subcontinuum K of a continuum X is said to be terminal (in a sense not used in 
the present paper) provided each subcontinuum of X intersecting K either is 
contained in K or contains K. 
A mapping means a continuous function. A mapping f: X + Y between continua 
X and Y is said to be monotone provided for each subcontinuum Q of Y the 
inverse image f-‘( Q) is connected. If a closed subset C of a continuum X is given, 
we consider a decomposition of X into disjoint closed subsets of X, namely into 
C and singletons of X\C. Thus if C is nondegenerate, it is the only nondegenerate 
element of the decomposition. It is known that the decomposition is upper semicon- 
tinuous and that the quotient space X/C of this decomposition is a continuum. If 
C is a subcontinuum of X, then the quotient mapping q :X + Xl C (which shrinks 
C to a point and is a homeomorphism on X\C) is obviously monotone. See Chapter 
7 of Whyburn’s book [lo] for the details. 
The following characterization of terminal continua is known (see [l, Corollary 
1.14, p. 91). 
Theorem 2 (Bennett and Fugate). A subcontinuum K of a continuum X is terminal 
if and only if the continuum Xl K is irreducible from K to some point. 
Let a subcontinuum K of a continuum X be given and let f : X + Y be a surjective 
mapping. Denote by q : X + X/K and r: Y + Y/f(K) the quotient mappings. Then 
the induced mapping f*: X/K + Y/f(K) is defined as follows. For each point 
u E X/K (which has the form u = q(x) for some x E X and is either a singleton {x} 
if x E X\K, or stands for K if x E K) we put f,(u) = r(f(x)). Thus 
f*(q(x)) = r(f(x)) for each XE X (1) 
by the definition, i.e., the diagram below commutes. 
Y I I I 
X/K? Y/f(K) 
A mapping f: X+ Y between continua X and Y is said to be quasi-monotone 
provided for each subcontinuum Q of Y with nonempty interior the inverse image 
f-‘(Q) has finitely many components each of which is mapped onto Q. 
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Remark 3. A continuum is said to be indecomposable if it is not the union of two 
of its proper subcontinua. Since a continuum is indecomposable if and only if each 
of its proper subcontinua has empty interior (see e.g. [5,$48, V, Theorem 2, p. 207]), 
it follows that every mappingf: X + Y from a continuum X onto an indecomposable 
continuum Y is quasi-monotone. 
Fugate and Mohler have proved [3, Theorem 3, p. 2221 that if a surjective 
quasi-monotone mapping f is defined on an irreducible continuum X, then the 
continuum f(X) is also irreducible. Their proof runs by showing that the image of 
a point of irreducibility of the domain is a point of irreducibility of the range. 
Therefore the result can be reformulated as follows. 
Theorem 4 (Fugate and Mohler). If a continuum X is irreducible between a point p 
and some other point of X, and if a mapping f: X + Y is a quasi-monotone surjection, 
then the continuum Y is irreducible between f(p) and some point of Y. 
Theorem 5. Let a proper subcontinuum K of a continuum X be given, and let a surjective 
mapping f : X + Y be such that 
Then 
the induced mapping fy: : Xl K + Y/f(K) for f is quasi-monotone, (3) 
if K is a terminal continuum of X, then f(K) either is a terminal 
continuum of Y or f( K) = Y. (4) 
Proof. If K is a terminal subcontinuum of X, then the continuum X/K is irreducible 
from K to some point of X/K by Theorem 2. Since f, is quasi-monotone, the set 
f,(X/K) = Y/f(K) either is an irreducible continuum from the point f,(K) = 
r(f(K))={f(K)}= Y/f(K) to some point of Y/f(K) according to Theorem 4, 
where r: Y+ Y/f(K) is the quotient mapping (see diagram (2)), or is degenerate. 
Applying Theorem 2 once more we conclude that f(K) either is terminal in Y or 
equals Y, so implication (4) holds true. The proof is then complete. 0 
Lemma 6. Let a subcontinuum K of a continuum X and a mapping f: X + Y be given. 
If f is quasi-monotone, then the induced mapping f, : Xl K + Y/f(K) is also quasi- 
monotone. 
Proof. Since diagram (2) is commutative, we conclude 
f G’(O) = q(f -‘(r-‘(Q))) (5) 
for each subcontinuum Q of Y/f(K). Let int Q f 0. The mapping r: Y-, Y/f(K) 
being monotone, r-‘(Q) is a subcontinuum of Y and int r-‘(Q) # 0 by the definition 
of r. Since f is quasi-monotone, the set f -‘(r-‘(Q)) has finitely, say n, components 
c,, . . . , C,, each of which is mapped onto r-‘(Q) under J: Hence q(f -‘(r-‘(Q))) 
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has at most n components which are components of f*‘(Q) by (5). To see that 
each of them is mapped onto Q under f, denote by D an arbitrary one. Since the 
mapping q is monotone, q-‘(D) is a continuum, so there is an index j E (1, . . . , n} 
such that q-‘(D) = Cj. Further, equality (1) implies that each C, is a component of 
q-‘(f,‘( Q)), whence we conclude that q( Cj ) c D. SO q( C’) = D. Therefore_&(D) = 
f*(q( C, )) = r(f( C, )) = r( r-l( 0)) = Q. The proof is complete. 0 
The inverse implication to that of Lemma 6 is not true, as it follows from an 
example below. 
Example 7. There are a continuum X, a terminal subcontinuum K of X and a 
surjective mapping f: X + Y such that f* is, while f is not, quasi-monotone. 
Proof. In the rectangular coordinates (x, y) in the plane Iw* put u = (0, 0), a, = (0, l), 
bO= (0, -l), and a, = (l/n, 1) for n EN. Let cd stand for the straight line segment 
with endpoints c and d. Put Y = a,b,,, 
X= Yul._J{va,: #EN}, and K=ua,u~{ua,: HEN}. 
Let f: X + Y be the projection defined by 
f((x,y))=(O,y) forall (x,_v)EX. 
Then we can assume that q and r shrink K and f(K) respectively to the point 
v, so we have X/K = vb, and Y/f(K) = vb,,. It is easy to verify that the continuum 
K is terminal, the induced mapping f, (being the identity) is quasi-monotone, while 
f is not. 
Theorem 5 and Lemma 6 lead to the following corollary. 
Corollary 8. If a surjective mapping f: X + Y of a continuum X is quasi-monotone, 
then implication (4) holds true. 
Recall the following characterization of terminal continua contained in irreducible 
continua (see [l, Theorem 1.8, p. 81). 
Theorem 9 (Bennett and Fugate). A proper subcontinuum K of an irreducible con- 
tinuum X is terminal if and only if K contains a point of irreducibility of X. 
Theorems 9 and 4 imply the following result. 
Theorem 10. Zf a surjectiue mapping f: X + Y of an irreducible continuum X is 
quasi-monotone, then Y is irreducible and the image of a terminal subcontinuum of X 
either is a terminal subcontinuum of Y or equals the whole Y. 
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A mapping f: X + Y between continua X and Y is called a local homeomorphism 
provided that for each point of X there exists an open neighbourhood U such that 
f(U)isopenin Yandf]U:U+f(U)’ is a homeomorphism. It is known that each 
local homeomorphism of a continuum is quasi-monotone (see [3, Theorems 5 and 
7, p. 223 and 2241). Further, f: X + Y is said to be conj’uent provided for each 
continuum Q c Y and each component C off-‘(Q) we have f(C) = Q; and it is 
said to be hereditarily confkent if for each subcontinuum of X the restriction off 
to this continuum is confluent. It is known that every hereditarily confluent mapping 
of a continuum is quasi-monotone [6, Corollary 4.45, p. 261. Since each monotone 
mapping is obviously quasi-monotone, we get the following consequences of 
Corollary 8 and Theorem 10. 
Corollary 11. Zf a surjective mapping f: X + Y of a continuum X is either monotone 
or hereditarily confluent or a local homeomorphism, then implication (4) holds true. 
Corollary 12. Zf a surjective mapping f: X + Y of an irreducible continuum X is either 
monotone or hereditarily conjkent or a local homeomorphism, then Y is irreducible 
and implication (4) holds true. 
Remark 13. The reader can find implication (4) for monotone mappings f between 
continua X and Y as an exercise in Nadler’s book (see [8, (1.205.1), p. 1961). Recall 
however that the name “terminal” in [S] has another (stronger) meaning than in 
the present paper; compare Remark 1 above. 
A proper subcontinuum K of a continuum X is said to be an end continuum of 
X provided X is not the union of two proper subcontinua each intersecting K. The 
following characterization of end continua is due to Rosen ([9, p. 1181; see also 
Bennett and Fugate [ 1, Theorem 1.16, p. lo]). 
Theorem 14 (Bennett, Fugate, Rosen). A subcontinuum K is an end continuum of a 
continuum X if and only if there is a point p E X\K such that X is irreducible from p 
to each point of K. 
The relationship between terminal and end continua is given by the result below, 
which is due to Bennett and Fugate (see [l, Theorem 1.11, p. 81). 
Theorem 15 (Bennett and Fugate). A subcontinuum K is an end continuum of a 
continuum X if and only if K is a terminal continuum with empty interior. 
Theorem 16. Zf a surjective mapping f : X --z Yof a continuum X is quasi-monotone, then 
if K is an end continuum of X, then f(K) is either an end continuum 
of Y orf(K) = Y. (6) 
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Proof. Assume f(K) # Y and suppose that f(K) is not an end continuum of Y 
Then Y is the union of two proper subcontinua P and Q each intersecting f( K ). 
It follows from Theorem 15 that K is a terminal continuum of X, hencef( K), being 
a proper subcontinuum of Y, is a terminal continuum of Y by Corollary 8. Thus 
by the definition of terminality we have either Y = P uf( K) or Y = Q uf( K). In 
both cases we see that 
O#bd P=bd Qc PnQnf(K). (7) 
On the other hand, since each point of K is a point of irreducibility of X according 
to Theorem 14, and since the mapping f is quasi-monotone, we conclude from 
Theorem 4 that each point of f(K) is a point of irreducibility of Y. Since no 
irreducible continuum can be the union of two of its proper subcontinua both 
containing a fixed point of irreducibility of the continuum [5, 9 48, II, Theorem 2, 
p. 1931, we infer that Pn Qc Y\f( K), contrary to (7). Thus the proof is 
complete. q 
Corollary 17. If a surjective mapping f: X + Y of a continuum X is either monotone 
or hereditarily confluent or a local homeomorphism, then implication (6) holds true. 
Corollary 18. If a surjective mapping f: X + Y of an irreducible continuum X is either 
monotone or hereditarily confluent or a local homeomorphism, then Y is irreducible 
and implication (6) holds true. 
Remarks 19. (l)Themappingf:[-1, l]+[O, l] definedbyf(x)=]x] forxE[-1, l] 
is quasi-monotone and it maps the interval [-1, 01, which is a terminal continuum 
in [-1, 11, onto the whole range [0, 11. Further, the induced mapping 
f*:r-1,11/~-1,01=~0,11~~0,11/~0,11 . IS a trivial one onto a point. Thus the 
alternative in the conclusion (4) of Theorem 5 and Corollary 8 cannot be sharpened 
to saying that terminality of continua is preserved under the considered mappings. 
(2) Similarly, the alternative in the conclusion (6) of Theorem 16 cannot be 
sharpened to the assertion that the property of being an end continuum is preserved 
under quasi-monotone mappings. To see this, denote by Y the simplest indecompos- 
able continuum situated in the Euclidean plane z = 0 as described in [5, $48, V, 
Example 1 and Figure 4, p. 204 and 2051. Let L be the composant of the point (0,O) 
in Y (compare [5, § 48, VI, Example 2, p. 2081). For each point (x, y, 0) E L let 
d(x, y) denote the length of the (unique) arc from (0, 0,O) to (x, y, 0) contained in 
L. Put 
s = K 1 4 Y, 1 +d(x, Y) > E R3: (x, y, 0) E L . 
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Then S is a one-to-one image of L lying in L x [0, 11. Put X = S u Y and define 
f: X + Y as the projection, i.e., f((x, y, z)) = (x, y, 0). Then f is quasi-monotone 
according to Remark 3, and Y is an end continuum of X, while f( Y) = Y. 
Remark 20. Finiteness of the number of components of the inverse image of a 
subcontinuum Q c Y with int Q # 0 made in the definition of a quasi-monotone 
mappingf: X + Y is an essential assumption in Corollary 8 and Theorem 16. Indeed, 
if we omit this assumption, we get the notion of a weakly monotone mapping. More 
precisely, a mapping f: X + Y between continua X and Y is said to be weakly 
monotone if for each subcontinuum Q of Y with nonempty interior each component 
of the inverse image f -'( Q) is mapped under f onto Q (see [6, 4, D, (ii), p. 24 and 
(4.40), p. 251). To see that neither Corollary 8 nor Theorem 16 remain true if the 
mapping f is assumed to be weakly monotone instead of being quasi-monotone, 
consider the following example. The same example also shows that condition (3) 
in Theorem 5 cannot be weakened to the assumption that the induced mapping 
f, : Xl K + Y/f(K) for f is weakly monotone. 
Example 21. There are an irreducible plane continuum X, an end (thus terminal) 
subcontinuum K of X, and a weakly monotone surjective mapping f: X + Y such 
that the induced mapping f* : Xl K + Y/f(K) for f is also weakly monotone, and 
f(K) is not a terminal continuum of Y. 
Proof. In the Euclidean plane [w* put 
Y={(O,y)EIW*: yE[-l,l]} 
and let S, be the well-known sin(l/x)-curve, i.e., 
S, = Y u {(x, sin r/2x) E II%‘: x E (0, l]}. 
Denote by S2 the image of S, under the symmetry with respect to the line x = 1 
and put X = S, u S2. Thus the continuum X is irreducible from each point of Y to 
each point of the set ((2, y) E Iw”: y E [-1, l]}. Consider the projection f :X+ Y 
defined by f ((x, y)) = (0, y) for (x, y) E X. Then the mapping f is weakly monotone 
but is not quasi-monotone. The continuum K = ((2, y) E I%*: ye [-l/2, l/2]} is a 
nondegenerate end continuum of X, while its image 
f(K) = ((0, Y) ER*: y E [-l/2,1/211 
is not a terminal (hence not an end) continuum of Y. Finally observe that the 
quotient spaces X/K and Y/f(K) are homeomorphic to X and Y respectively 
and that the induced mapping f, for f is weakly monotone but not quasi-monotone. 
Remark 22. As the reader certainly observed, the invariance of the concept of 
terminality of continua under quasi-monotone mappings (see Corollary 8) was a 
consequence of a more general result, namely of Theorem 5, where the same 
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invariance follows from the assumption that the induced mapping is quasi-monotone. 
Unlikely, the invariance of the concept of being an end continuum under quasi- 
monotone mappings (see Theorem 16) was proved directly, without using the 
induced mapping. Thus it is natural to ask if the result is true under the weaker 
assumption of quasi-monotoneity of the induced mapping, i.e., whether (6) holds 
provided we assume that the induced mapping f, (instead off) is quasi-monotone 
(compare Lemma 6). The next example shows that it is not the case, even if& is 
a monotone mapping. 
Example 23. There are an irreducible plane continuum X0, an end subcontinuum 
K0 of X,,, and a surjective mapping g : X0 + Y0 such that the induced mapping 
g,: X0/ I&+ Y,/g(K,) for g is monotone, and g(K) is neither an end continuum 
of Y nor the whole Y. 
Proof. Under the same notation as in the proof of Example 21 put X,, = S, u S, u 
((2, y) E R2: y E [-2, --I]}. Thus the continuum X,, is irreducible from each point of 
the subcontinuum I&,= ((0, y) E IF!‘: y E [-1, l]} to the point (2, -2), and K0 is an 
end continuum of X0. Further, put Y, = ((2, y) E R2: y E [-2, 11) and define a projec- 
tion g:X,+ Y0 by g((x, y)) = (2, y). Note that g is not weakly monotone, so it is 
not quasi-monotone. The image g(K,) of K0 equals the segment ((2, y) E R*: y E 
r-1, l]}, thus it is a terminal continuum of Y,,, while it is neither an end continuum 
of Y0 nor the whole range YO. The quotient space X,/K, is homeomorphic to the 
continuum 
{(X,y)EXo:xE[1,2]}=S*u{(2,y)ER2:yE[-2,-l]}. 
To simplify notations we omit the homeomorphism in matter. Then it is easy to 
observe that the induced mapping 
g,:X,/&+ Yo/g(KJ 
shrinks S2 to a point, so that the quotient space Y,/g(K,) can be considered as 
((2, y ) E R*: y E [ -2, - 11) with the singleton { (2, - 1)) as g,( S,). Thus g, is monotone 
and the argumentation is finished. 
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